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1. SUMMARY 
A special finite element within which a crack tip can move continuously 
has been formulated. The geometry of the element facilitates its use with 
conventional elements modeling the remainder of a body. The crack-length 
dependence of the element's stiffness matrix has been identified as the 
mechanism for the release of mechanical energy as a simulated crack propa-
gates in a discrete-parameter model. An established time-integration algo-
rithm has been modified to accommodate the time (or crack length) dependent 
stiffness. 
Numerical (computer) calculations have been carried out for an equili-
brium problem of a center-cracked tension specimen to explore a potential 
scheme for ameliorating the incompatibility of displacements at interfaces 
of the crack-tip element with adjoining conventional elements. A Michigan 
State University experiment, involving the impingement of a stress wave on 
a stationary crack in a rectangular sheet,has been simulated, and the numeri-
cal results have been communicated to the experimentalists. 
A closed-form approximation has been obtained for the stresses in a 
center-cracked tension specimen. This is expected to be useful in analyzing 
the initial motion of a crack accelerating from an equilibrium condition, 
since such a motion has a known analytical dependence on the crack-prolonga-




2. RESEARCH ACTIVITY AND RESULTS 
A. Element Geometry and Energy-Release Mechanism  
The goal of this research is the development of a special finite element 
within which a crack tip can move continuously so as to allow numerical 
simulation of two-dimensional problems of rapid (unstable) opening-mode 
crack propagation. The basic geometry chosen for the element is shown in 
the sketch below. 
The crack tip is allowed to take positions between nodes 7 and 8 so that the 
tip is always at least one nodal spacing from any boundary at which the 
element adjoins conventional elements representing the remainder of the body. 
The displacement field within the element is taken to be a linear combina-
tion of Williams' (or Rice's) eigenfunctions plus three rigid-body displace-
ment modes; if we were interested only in the magnitude of crack extension 
permissible within the element, nodes 7 and 8 would be entirely superfluous. 
However, we envision the modeling of larger crack extensions by shifting 
the singularity element and restarting the internal propagation scheme after 
the crack tip has reached the position of node 8 in an element. Thus nodes 
7 and 8 are desirable so that, after a regular nodal pattern for the structure 
has been established, the shift of a singularity element will not necessitate 
the sudden appearance and disappearance of displacement freedoms. 
2 
The displacement method of finite-element analysis has been adopted 
as the basis for our analysis in order that the strain and kinetic energies 
of the lumped-parameter finite-element model can be monitored in the 
numerical integration of the equations of motion. It is of course desirable 
that the finite-element model exhibit the absorption of mechanical energy 
that accompanies crack-extension and that can be put into one-to-one cor-
respondence with the stress-intensity factor. For a convecting (with crack 
tip) assumed-displacement pattern Bazant, Glazik and Achenbach (Computers 
and Structures, 8, 1978) have derived, from Hamilton's principle, the form 




M 	+ D 	+ K u = F(t) 
dt 
where M, the mass matrix, D, an apparent damping matrix, and K, the stiff-,- 
ness matrix,are all time dependent in our case because of the fact that we 
use a spatially-fixed grid and the assumed displacement pattern moves 
within the special element which is surrounded by conventional finite ele-
ments. The time dependence of M and the existence of D follow from use of 
the consistent-mass allocation of inertia in the finite-element model. We 







 + K u = F(t) 
2 	— — 
with K time dependent and M time independent. The energy-release mechanism 
is clear if we multiply by the transpose of the vector of nodal velocities, 
3 
.T . 	.T 	.T 
u 	+ u Ku = u F 
or 
T . 	 .T 
dt ( k 14i1) (k 	=uF+ 1/2uKu_ 
which states that the time rate of mechanical energy equals the rate of 
- 




 ) which, if negative, — 
represents a dissipation of mechanical energy with increase in crack length. 
This is expected to be the case since the singularity element becomes "more 
flexible" as the crack length increases. 
The "constant-average-acceleration" version of the Newmark-0 algorithm 
for numerical integration in time has been adapted to the case of a time 
(or crack length) dependent stiffness matrix, and the essential computer 
programming will be completed during the coming summer. 
B. Numerical Calculations for a Stationary Crack in a Stressed Sheet  
Rather extensive numerical experiments have been carried out for the 
statics problem of a center-cracked sheet under tension and with the crack 
tip midway between nodes 7 and 8 on the singularity element. One objective 
was to determine the sensitivity of computed stress-intensity factors to 
the existence of node 7 which has the peculiar feature of lying on the free 
crack face where the displacement functions, used in the element, yield 
tractions that vanish identically. For each of the two problems considered 
stress-intensity factors computed with and without node 7 differed by less 
than 3%. The second objective was to explore the possibility of using fewer 
internal degrees of freedom in the element than displacement freedoms asso-
ciated with nodes on the periphery; connections of the singularity element 
4 
with adjoining structure was through a least-squares fit of nodal displace-
ments to those evaluated from the internal displacement field. The ultimate 
purpose of such a modification would be a scheme to minimize the displace-
ment incompatibility between the singular element and adjoining regular ele-
ments. The numerical results have exhibited an unexpected and significant 
sensitivity to the number of terms taken in the series. 
A problem of stress-wave interaction with a crack in a rectangular 
sheet has been modeled. The numerical analysis simulates an experiment con- 
ducted at Michigan State University by Prof. W. N. Sharpe, Jr. and a graduate 
student. The finite-element results have been communicated to Prof. Sharpe 
for comparison with the experiment. 
C. Analytical Estimate of Effect of Finite Width on Stresses in a Center-
Cracked Tension Specimen  
A closed-form approximation obtained for the effect of finite-width 
on stresses in a center-cracked tension specimen has been motivated by (a) 
the need for analytical benchmarks against which to compare numerical analy-
ses and (b) the fact that the initial motion of a crack accelerating from 
an equilibrium condition has a known analytical dependence on the tractions 
on the crack's prolongation prior to the motion. 
By combining the classical infinite-sheet solution with other acceptable 
singular solutions of no inherent practical interpretation, one arrives at 
a stress distribution that satisfies all the appropriate field equations 
and balances the tensile resultant transmitted across the ligaments with 
that of the remotely applied stress (a) without the imposition of a periodic 
deformation pattern to the sides of the strip. The resulting formula giving 
5 
stress-intensity factor (K 1) as a function of width-normalized crack length 
(X = a/w) is 
K1 = a,Fr; (1 + 
111-X
2 
1414  Xlog 
X 
Isida's truncated series of eight terms which ultimately raise k to the 
fourteenth power is regarded as the standard of comparison for width-effect 
estimates-even though it fails to provide the proper asymptotic behavior as 
1. The formula given above agrees with Isida's results to within 4% 
in the range 0 s X S 0.9 and moreover satisfies the limiting requirement 
that K
1 
-4 00 as X -4 1. 
3, MOST SIGNIFICANT RESEARCH ACCOMPLISHMENTS 
(a) Identification of Energy-Release Mechanism in Finite-Element Model 
(b) Analytical Estimate of Finite-Width Effect on Stresses in Center-
Cracked Tension Specimen. 
4. 	PERSONNEL SUPPORTED THROUGH THIS RESEARCH 
(a) Prof. J. M. Anderson: 
(b) Prof. W. W. King: 
(c) Prof. R. W Shreeves: 
(d) S. G. Moran 
graduate assistant: 
analytical estimate of finite-width effects; 
finite-element modeling. 
singularity-element development and selection of 
time-integration algorithm 
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5. 	TECHNICAL PAPERS 
"Derived Finite-Width Corrections in Fracture Mechanics" in 
preparation for International Journal of Fracture. 
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III. 1. a. 
Some Modifications of a Special Finite Element for 
Two-Dimensional Linear Fracture Mechanics 
by Stephen G. Moran 
In Partial Fulfillment of the Requirements for the Degree Master of 
Science in the School of Engineering Science and Mechanics, Georgia Institute 
of Technology, August 1979. 
Abstract  
A special crack-tip finite element has been modified so as to 
1. allow a reduction of generalized coordinates with attachment to 
surrounding elements by continuity of displacements at nodes in a 
least squares sense, and 
2. accommodatea variable crack-tip location within the element. 
Generalized coordinates for the cracked element are associated with 
the displacement eigenfunctions for the plane-strain opening-mode behavior 
of a straight crack. Displacement continuity can be maintained at boundary 
nodes and those nodal displacements will constitute independent degrees 
of freedom provided the number of element generalized coordinates matches 
the number of nodal displacements. With fewer generalized coordinates, 
either the independence of nodal displacements or continuity of displacements 
at boundary nodes must be sacrificed; here the latter approach was taken, 
with continuity maintained in a least squares sense. The motivations were 
economy in the development of a variable-crack-position stiffness matrix 
and elimination of undesirable high frequency natural modes of the element. 
Results of calculations for test cases demonstrated that accuracy of computed 
stress-intensity factors was too rapidly degraded with a slight reduction 
in generalized coordinates for the approach to be useful. 
Three methods of numerical integration were used to generate a crack-
length-dependent stiffness matrix for the crack-tip element. For accuracy 
and economy Gauss-Legendre quadrature was found to be superior to both Simpson's 
rule and the trapezoid rule. 
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